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Abstract 



Sums of negative powers of quadratic polynomials with integer coefficients 

and fixed positive discriminant have been introduced by Zagier in connection 

^j>. I with the Doi-Naganuma correspondence and turned out to be the Fourier 

C^ ■ coefficients of the kernel function for the Shimura-Shintani lifts. We study 

YD . the sums defined in the same way but this time with polynomials having 

ly-v I negative discriminant. These functions are meromorphic but still modular, 

with Fourier coefficients in terms of a modified Bessel function and interesting 
^^ , algebraicity properties. We also prove the convergence of sums defined with 

f^ I polynomials having only real roots and bigger degree which define holomorphic 

modular forms. 



d '. 1 Introduction 



Eisenstein series are defined as sums of —A; powers {k > 2 an even integer) of 
all linear functions with integer coefficients and variable in H and play a crucial 
role in the theory of modular forms. It seems natural to look at similar series 
where we sum over functions with integer coefficients and bigger degree. Sums of 
this kind, taken over quadratic polynomials with fixed positive discriminant, have 
been introduced in |Zag75| in connection with the Doi-Naganuma correspondence 
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between elliptic modular forms and Hilbert modular forms. To be more precise, for 
each discriminant D > 0, the sum 

{a,b,c)eZ^ ^ ' 

a>0 

is a cusp form of weight Ik for SL(2, Z) which arose, in the case where D is a funda- 
mental discriminant, considering the restriction to the diagonal z\ = ^2 of a family of 
Hilbert modular forms Wmi^zx^ Z2) {m = 0, 1, 2, . . .) of weight k for the Hilbert mod- 
ular group SL2(C), where O is the ring of integers of the real quadratic field with 
discriminant D. The functions Wm{zi, Z2) are the Fourier coefficients of the kernel 
function for the Doi-Naganuma correspondence. They are well defined for all posi- 
tive discriminants D and so is fk,D{z). The Fourier coefficients of fk,D{z) at infinity 
are calculated in |Zag75 in terms of the Bessel function. Moreover, the functions 



2^fc£)fe-i/2y^^^^^^ turned out to be the Fourier coefficients of the kernel function for 
the Shimura-Shintani correspondence ( |KZ80] ). Kohnen and Zagier calculated their 
period polynomials in |KZ84j as well as Bringmann, Kane and Kohnen in |BKK12] 
using new modular objects related to the theory of harmonic weak Maass forms. 
The even parts of the Eichler integrals defined on M of the functions fk,D{z) for 
D > have several surprising properties and are related to Diophantine approxi- 
mation, reduction of quadratic forms, special values of zeta functions and Dedekind 
sums ( |Zag99| , |Benl3j l 



The functions fk,D{z) are defined for negative discriminants as well; in that case 
they have a non-holomorphic part whose Fourier expansion has algebraic coefficients 
and which is determined by the points of complex multiplication of discriminant 
D. In the second section, we prove the convergence of these functions and we 
calculate their Fourier coefficients in terms of a modified Bessel function. In the 
third section, we decompose the functions fk,D{z) into a meromorphic part with 
computable algebraic Fourier coefficients and an holomorphic cuspidal part with 
transcendent Fourier coefficients, which we will call the transcendent part. We 
denote by F the group SL(2, Z) and, for K a subfield of C, by 5'2^(r) the i^- vector 
space of cusp forms of weight 2k for F with Fourier coefficients (in the expansion at 
infinity) in K. Writing 

where H]j{X) is the class polynomial and h{D) is the class number of discriminant 
D, w = 1 ii D ^ —3, —4; w = 2 ii D = —4, and w = 3 ii D = —3, we have 

Theorem I The function ^o{z)'^fk.D{z) belongs to the space 

SUio^,,):i^) + Sg{T)<!>n{z)\ (1.2) 



where H = Q{j{Od),vD)- Moreover, in this decomposition, the modular form in 



S ^i2h(D) .n^jr) is computable. 



Given A = {A„}^^ G ©^^Z, denoting by T„ the n-th Hecke operator, acting on 
the space of meromorphic modular forms of weight 2k for F, and writing 



oo 



^A„T„, fk,D,\{z) = fk,D\4>xiz), 



n=l 



we can get rid of the transcendent part in the theorem above in the following way: 
Theorem II The function ^d{z)^ fk,D,\{z) belongs to the space 

^fHM£)+2)fc(r) + Sl{T) ^u{z)\ (1.3) 

where H = Q(j(0_d)i vD). If there exists a weakly holomorphic modular form 

oo 

^A = J]A„g-" + 0(l)GM^_2fc(r), 

n=l 

then there is no transcendent part in the decomposition above. 

In the fourth section, we illustrate the results of section 3 giving the explicit 
decompositions of the functions fk,D{z) and fk,D,\{z) (for a convenient A) for the 
special cases D = — 3 and k G {2, 3, 4, 5, 6, 7}. 

In the last section we look at sums of negative powers of polynomials with real 
roots as in (11.11) and bigger degree. For degree > 4, the discriminant, or even other 
F-invariants, do not fix in general the number of real roots. If we want to define 
an holomorphic function, we can sum just over a F-equivalence class of polynomials 
with no imaginary roots. For such sums the modularity is immediate, but the 
convergence is not trivial at all. In the last section we prove the convergence of this 
kind of sums. More precisely, we prove the following theorem: 

Theorem III Let Q{X, Y) be a real binary form of degree k > A such that the 
roots of the polynomial Q{X, 1) are real with multiplicity less than ^^. For z ETi, 
the sum 

^^^'^ = T. Q^az + b,cz + d) 

ad—bc=l 

is absolutely and locally uniformly convergent. It defines a modular form of weight 
k for F. 



2 Sums giving meromorphic modular forms: con- 
vergence and Fourier coefficients 



Given an integer D < congruent to or 1 modulo 4, and an integer k > 2 we 
define, ior z ETi, 



fk,D{z) = ^ '■ 5^ 



{a,fe,c)eZ3 

fe2_4ac=D 

a>0 



iaz^ + bz + c 



ifc- 



The positivity condition of a does not play any important role, we include it to 
avoid summing twice (once over [a, b, c] and once over [—a, —b, — c]). The factor tt"*^ 
is just a normalization factor. 

Given a F-equivalence class A of integer binary quadratic forms with discriminant 
D < 0, we define 



fk,D,Ai^) = ^ "" Yl 



la,b,c]eA 
a>0 



iaz"^ + bz + c) 



(zen, k>2). 



(2.1^ 



Proposition 2.1 The sums fk,D(yZ) and fk,D,A{z) converge absolutely and uniformly. 
They are meromorphic modular forms of weight 2k for T. 



Proof. For z = x + iy & Ti, we have 



^'\fkA^)\ = E 



1 



'^>o V 2a A 2a 



< 



E 



a>0 I I 



X 



2a 



\D\ 



y 



2a 



max 



X 



2a 



\D\ 



y 



2a 



For i? > we will count the number N{R) of elements (a, b) that occur in the 
last sum such that 



b 


; 


y- 


, ^^ 


\ ( 
max 

/ V 


b 

^+2a 


•) 


' 2a 








a{y'- 


\D\\ 
4a2/ 


< 


2R 





R <\a\ max 
The inequality 

implies a = 0{R). For a fixed, the inequality 



b \2 

a[x-\ <2R 

2a/ 



\D\ 



2a 



<2R. 



implies h = 0{R^). Hence N{R) = 0{m) and 



,,^ , ,, ^iV(2") ^ 1 



2nfc " A^ 0'^(k-^)' 

n=0 n=0 ^ 

where the imphcit constant does not depend on z. The last sum converges for all 
k>l 

The convergence of fk,D,A{^)j which is a partial sum of fk,D{z), is immediate, and 
since the sum is taken over a F-equivalence class, we obtain the modularity. 

The modularity of fk,D{z) follows, on the one hand, from the fact that the dis- 
criminant D is an invariant for the action of F; on the other hand, from the fact 
that a is always invariant by translation and, for D < 0, the coefficients a and c 
have the same sign, so the sign of a is also invariant by inversion. 

D 
Proposition 2.2 For z E Ti with Q{z) > ^ — , the Fourier expansion of the func- 



tion fk,D{,z) is 



oo 

2iTirz 



r=l 



J2 «'^ SaMr) 4-i (^^) ' (2-2) 



, k 1 



\D\2-Hk-l)\ ^ 
where 

SaAr) = Yl ^"''^" (2.3) 



b (mod 2a) 
b'^=D (mod 4a) 



and I}^_i is a modified Bessel function, related to the Bessel function of first kind 
Jk~i by h-M = i^'"^^ Jk-d'^^)- 



Proof. We can calculate the Fourier expansion of fk,D{z) breaking the sum: 

oo 



a=\ 

where 



b' 

We can break the sum again: 



\D\\-k 



Aa 

bez 

b'^=D (mod 4a) 



fkA^) = E E («(^ + ^)' + ^(^ + ^) + 



\D\\-k 



Aa 

b (mod 2a) neZ 
62=_D (mod 4a) 



The first sum is finite and the r-th Fourier coefficient of the second sum is 

(az^ + bz+ / ' ) e-^'^'^-'dz (C>0); (2.4) 

this integral vanishes for r < when the poles are under the integration line. 



We can calculate the integral (12. 4p substituing z = it — 



b_. 
2a" 



oo+iC —2-Kirz ■ ^TriTb/a />C+ioo 2-Krt 

1 I 1 

-^ — - — -dz = — / r-p-. — -at 

-(— ^) " ^-(f-§) 



2^+2 ^fe+i j,fc-2 /TrrA/TDJ 



(The last integral is calculated in |AS65] . (29.3.60)). 



D 



3 Algebraic properties of Fourier coefficients 

For a discriminant D < we denote by Ho{X) the class polynomial 

Hd{x) = n (x-My^"", 

3er\3D 
where 3d C 7/ is the set of CM points of discriminant D and 

(3 if D = -3 

u; = <^ 2 if D = -4 

[ 1 if D ^ -3, -4. 

We write 

Hnim = ^mj^ (3-1) 

with ^Diz) e M i2fe(g) (r). 

For a F-equivalence class A of binary integer quadratic forms of discriminant 
D < 0, we denote by 3 a CM point of A and we define the modular form for F of 
weight — by 

E^{z) if D = -3 

^a{z) = i{j{z)-ji^))A{z)y/^ = { E,{z) ifD = -4 

E^{zf - j{i) A{z) ifD^-3,-4. 



The poles in 1-i of the functions fk,D,A{z) and fk,D{z) are the respective sets T^ 
and T^£). But r3 and T^d are also the respective sets of zeros of the functions 
^a{^) a-iid $d(z). Hence the functions ^A{^)''fk,D,A{z) ^^^ ^d{.zY fk,D{.z) are cusp 
forms of respective weight (— + 2)k and ( — — + 2)k for V. 

As for all holomorphic functions on the Poincare plane, these functions have 
a Taylor expansion in a neighborhood of a point z = x + iy G T-L. The Taylor 
expansion in the classic sense is not so natural because it only converges on a disk 
centered in z with radius y, whereas the domain of holomorphy of a modular form 

z — z 
is all the half-plane "H. For fixed z, the map sending z' & H to w = is an 

z' — z 
isomorphism between "H and the open unite disk centered at z; the inverse map 

sends w to z' = . It is more natural to take the expansion of the functions 

1 — w 

under the action of the transformation j \ E SL(2,C) in power series of w 

(see fl3.3p below). 

The derivative of a modular form being not modular, we consider the modified 
operator of differentiation defined, for a modular form / of weight 2k, by 

where y = '^{z). The function df{z) is not holomorphic anymore, but it is modular 
of weight 2k + 2. UK is an imaginary quadratic field, z E K nH is a. CM point and 
the Fourier coefficients of / are algebraic, then, for all n > 0, the value of d"'f{z) 
is an algebraic multiple of the {2k + 2n)-th power of the Chowla-Selberg period Qk 
defined by 

V I I \ m=l ' ' 

The natural Taylor expansion of / in a neighborhood of a point z = x + iy ETi 
in terms of the operator (13.21) is 



(1 - .0-='/(^) = to-m (^ (M < 1). (3.3) 



The main interest of this expansion is that, after normalization dividing by suitable 
powers of the period fi^-, all the coefficients are algebraic (see |BHvGZ08] for more 
details). 

Theorem 3.1 For k >2, we have 

^A{z)'fk,DA^) G 5fia+2).(r) + Sg{T) <l>^(^)^ (3.4) 

$d(^)V..d(^) G 5(kiiZ)+2)fc(r) + Sg{r)<l>n{z)', (3.5) 



where H = Q(j(3),3). Moreover, in these decompositions, the modular forms in 
^(ii+2)k^^'> ""^ S f^2HD) ^n\,i'^) (^^^ computable. 

Proof. We will prove (13 .4^ for w = 1 to simplify the notations; the proofs of the 
assertion fl3.5p and the cases corresponding to the other two possible values of w are 
the same. 

In the usual fundamental domain for F, the function fk,D,A{z) has only the pole 
^ = X + iy, which is the root in "H of any reduced form [a, b, c] G A. From definition 
( 12 .ip we have, in a neighborhood of this point, 

Replacing z in (I3.6p by , we have 

I — w 

(l_„)-/,,„,,(i^)._^ + 0(l) (M<1). (3.7) 

Since 3 is a zero of order k for $^(z), the first non-zero coefficient in the Taylor 
expansion of ^\{z) is the coefficient of the fc-th power of w and thus we can compute 
the Taylor expansion fl3.3p of ^^fk,D,A up to the {k — l)-st power (indued): 

*i ho.. = E a-"*i(3) ,j*:r:!:_„, + oi.^ (3.8) 



n=0 



{n + k)\ a^^ {~yy 



as 



Since the function $_4(z)'^ fk,D,A{^) belongs to the space S'i4fc(F), it can be written 
^Aiz)" fk,D,Ai^) = * E,{zY EeizYAiz)'', (3.9) 



where * is a complex constant and 

Uk = 4(5 + 6e + 12M, 

with 5 e {0,1,2}, e G {0,1}, M = dim(^i4fc(F)) = [^]. Moreover, the triple 
{S, e, M) and the constant * are uniquely determined. 

The functions 

*n.,^W = {jiz)-j{i)rE,{zYEe{zrA{zf' (0 < m < M - 1) 

are a basis for the space S'i4fc(F). We can express the function ^a{z)'' fk,D,A{^) in 
this basis: 

M-l 

^a{z)'' fk,D,Aiz) = Xl^-^'"'-^^'^)- ^^-^O) 

m=0 



The functions — "!' , , are cusp forms of weierht 2k when k < m < M — 1. Let us 
compute the coefficients c^ for < m < k — 1. 

The first non-zero coefficient in the Taylor expansion (13.31) of \l/m,^ in a neighbor- 
hood of 3 is the coefficient of the term of order m. Comparing the Taylor expansion 
of $^ fk,D,A in a neighborhood of 3 obtained from (13. 7p and the one given by the 
expression f l3.10p up to the {k — l)-st power, we make explicit the constants Cm for 
< m< A;-l: 



Co 



k\a^^-y)'^^o,Aiiy 



m 



Id^+'^'Xii) EZoCnd-^^iJnAid) 



(m + fc)!a2'=(-y)'=9-*„,^(3) 9-^„,^(3) ' 

For j, I > 0, the values of d^ ^/,^(3) and d^+^<^Ail>)'' belong to Q(j(3),3) n^^''^^^ , 
so the coefficients Cm belong to the field Q(j(3),3) for all < m < A; — 1. 

n 

In the decompositions occurring in (13 ■4p and (I3.5p there is a transcendent cuspidal 
part which is not computable. We will show below how one can take certain finite 
linear combinations of the functions fk,D{z) in order to get rid of the transcendent 
part. 

For each prime p, the action of the p-th Hecke operator Tp on fk^n can be expressed 
in the closed form 

fk,D\2kTp = p''-'fk,Dp^ + (j) p''''fk,D + h,^ (3.11) 

(with the convention ff, d = ii p^ \ D). The proof of this relation is exactly the 

same as the proof of the analogous statement for non-holomorphic modular forms 
of weight zero given in Zag76] (proof of equation (36)). The relation (13. lip can be 



extended to the action of the n-th Hecke operator T„, where n is not necessarily 
prime by 

fk,D\2kTn = \\*fk,D^''^ (3.12) 

u\n 
v\n 

where * is a factor depending on u and v. 

Given A = {A„}^^-,^ G ©.^i^ and k > 2, we write 

00 

</'A = ^A„T„, fk,D,x{z) = fk,D\^x{z). 

n=l 



Theorem 3.2 For k > 2, the function ^d{zY fk,D,\{z) belongs to the space 

^fHM£)+2)fc(r) + SgiV) $z,(^)^ (3.13) 

where H = Q{j{0£)), \fD). If there exists a weakly holomorphic modular form 

oo 

gx = Yl ^"^"" + ^(1) ^ ^2-2fc(r), (3.14) 

n=l 

then there is no transcendent part in the decomposition (I3.13P . 

Proof. The first statement follows directly from Theorem 13.11 If there exists a 
weakly holomorphic modular form such as l3.14[ then, by |Viall] (Proposition 1), 

oo oo 

J2 ^nCn = for any / = J] c„g" G ^2fc(r). (3.15) 

n=l n=l 

If / = S^i CnQ'"' is a cusp form of weight 2k for F, so is Tmif), which Fourier 
expansion is f IBHvGZOSj . §4.1) 



^m(/) = ^ ( J]a'=-'c„^/a2)g^ (3.16) 

Hence (I3.15P implies 



=1 a\r 
a\m 



J]A„(j]a^-ic„^/„2) =0, (3.17) 

n=l a|n 

a|7n 

but the expression in (I3.17P is the m-th coefficient in the Fourier expansion of / 1 0a , 
thus /I0A = 0. In particular, if we denote by f{z) the transcendent part in the 
decomposition 

we have f\(f>x = 0. 

n 

Remark 3.3 The argument used in the proof of Theorem 13.21 can be stated in a 
more general form: for fc > 2 and A = {A„}^]^ G ©^i^, the following assertions 
are equivalent 

(i) /I0A = for any cusp form / G S'2fe(F), 
(ii) there exists a weakly holomorphic modular form 



^A = $^A„g-" + 0(l)GM^_2fc(F). 



n=l 



10 



This comes from the equivalence of statement (ii) and the condition fl3.15p ( |Viall] . 
Proposition 1). Indeed, we already proved that (ii) implies (i). The converse is also 
true because from the Taylor expansion f l3.16p for a cusp form / = Yl'^=i CnQ'", we 
deduce that the function f\(f)x in statement (i) is identically zero if and only if 



oo 

^A„(5^a'=-ic„^/,2) =0 Vm > 1, (3.18) 



= 1 a\n 

a\m 



and for ??i = 1 (13.181) becomes 

oo 

/ ^ A„c„ = 0. 



n=l 



4 Explicit decompositions in some special cases 

In this section we give the explicit decomposition (13.51) for D = —3 and k G 
{2, 3, 4, 5, 6, 7}, and a A such that, for k in the set before, fk,-3,\{z) has no transcen- 
dent part in the decomposition (I3.13p . 

There is only one F-equivalence class of binary quadratic forms of discriminant -3; 
we denote by [1,1,1] the reduced quadratic form in this class and by z_3 = 

its root in Ti. The Hilbert extension of the quadratic field Q(v3z) is trivial. We give 
the details of the calculations for /6,_3(z) and a table with the calculated expressions 
of/,,_3(;2)forA;G{2,3,4,5,7}. 

For k = Q, the space ^36(r) is generated by A^{z), A'^{z)El{z), A{z)Ef{z). There 
are three complex constants Cq, Ci, C2 such that 

El{z)U,-3i^) = CoAizf + C,A{zfE,{zf + C2A{z)E,{zf. (4.1) 

In order to calculate Cq and Ci we can compare the Taylor expansions in a neigh- 
borhood of 2_3 from both sides of the equality (14.11) . We have 

(1 - ^)-36A3(^ ^-3^-^^ j = _ fi3Ji _ 23 . 3 ^3 ^42^ ^3 ^ ^^^6^. 

(1 - w)-''A^El( ^-'~~''' \ = -2^2 ■ 3=^ vr^ Q'l w' + 0{w% 
V 1 — w / 

il-wr''AE!( '-\-~''' )=0{w% 
\ 1 — w J 



(1 - wy^El (^^Zl_fz£!^ j = 2^4 ■ 36 Vr^ fi3_6^ u;6 _ 225 . 37 . 5 ^9 ^42^ ^9 ^ ^^^12 
(. wl2. ( Z_^-ZliW \ W-^ 



11 



The equation (14. ip becomes 

224 q36^_225.3.5 ^3 ^42^ nj^+0{w^) = -Cq ^^-{2^ -2 C0 + 2I2.33 ^^) ^3 ^4_2^ w'+0{w' 

If we compare the constant terms and the cubic powers of w, we find 



Co 



-)24 



Ci =2 



13 



Hence 



/. 



6,-3 



_224A3 + 2"A2E| 



+ C72A, 



where C2 is the coefficient of q in the Fourier expansion of /6,_3(-2), given by (12. 2p . 
and has numerical value C2 ~ —550.5139. 

For k G {2, 3, 4, 5, 7} the expressions of fk-z are listed in the table below: 



k 


/fc-3 


2 


2«^ 


3 


29^6 A 


3v^E| 


4 


216. 32 ^2 _ 26^ ^3 


3E| 


5 


2^7 ■ 33^6 A2 - 2^ . 13 E| Eg A 


34^3^1 


6 


924 A 3 1 213a2 773 

^g i + CA, where C ^ -550.5139 

-c/4 


7 


-225 . 35 ■ 5^6 A3 + 2^3 . 32 . 31^1^6 A2 - 27^6^6 A 


36-573^1 



If A;e {2,3,4,5,7} then, 

-E'i4-2fe(2;) 



A(^) 



g-^ + 0(l)GM^_2.(r). 



For any discriminant D < 0, if we chose A = (1,0,0, . . .), then fk^D,\ = /fc,D, and 
there is no transcendent part in the decomposition (13.50 (for k G {2,3,4,5}, the 
space S'2A;(r) is trivial). 



12 



For A; = 6, since 



MzY 



^-2^24g-i + 0(l)GMiio(r), 



if we chose A = (24, 1, 0, 0, . . .), then 

/6,D,A = 24 /6,d|72 + /6,D 

= 24(2"/6,4D + 2^(^') 



/6,D + /e o ) + /6,D- 



For the special case D = —3, we calculated before the function /6,-3, which has a 
transcendent cuspidal part: 

/6,-3- ^ + CA; 

also the function /6,-i2 has a transcendent cuspidal part: 

_ -212.32 A3 + 2 -41 AX' ^,^ 
76 -12 - ^^ h C A, 

but the new combination /6,-3,a is again purely algebraic: 

-2^6 . 6089 A3 - 2^3 . 89 A'^E^ 



J6,-3,A 36 



^4 



5 Sums giving holomorphic modular forms 

In the same way we replaced linear functions in Eisenstein series by quadratic func- 
tions, we can ask what about using functions of bigger degree. The study of the 
properties of sums of negative powers of polynomials of bigger degree becomes more 
difficult. In this section, we prove the convergence of such sums when the roots of 
the occuring polynomials are all real and satisfy a condition on their multiplicity. 
Once the convergence of these sums is proved, the modularity and the holomorphy 
follow directly from the definition. This first positive approach to the study of such 
sums lets us hope more could be done in a future. 

Theorem 5.1 Let Q{X,Y) be an real binary form with degree k > 4 such that 
the roots of the polynomial Q{X, 1) are all real with multiplicity less than ^^. For 
z ETi, the sum 

^qW = Z^ Q(^^^ + b,cz + d) 

ad—bc=l 

converges absolutely and uniformly. It defines a modular form of weight k for T. 

13 



Proof. We write Q{X,Y) = AYl"l^{X - ajYf^ with distinct a^ G M, A; 



X^jLi kj &^d kj < ■^. For z E Ti, we have 

1 

■ \0(az-\~ 

ad~bc 



5- E 



\Q{az + b,cz + d)\ 



\Ar' E 



1 



« E 



1 



ad~bc= 



]^"l^max(|6 — Q;j(i| , |a — 



q;jc|)^^' 



where the imphcit constant depends on z, but it is still bounded for z in a compact 
subset of Ti. 

The subsum of S over the terms (a, b, c, d) where c = or (i = is bounded by 
the sum Y\^_^ —r, which converges because k > 4. 

As from now we will suppose that neither c nor d are zero. 
Clearly we have S < YlT=i ^r, where 

1 



iJr 



E 



ad—bc=l J 



YYjLi max(|6 — ajd\ , \a — ajc\)''J 



We will discuss the convergence of each sum 5*^. We write A = j r r j_^ -^^^ 



us suppose \cd\ < A, in which case 



> lalA ^ and 



> |6|A ^. Then, up to a 



finite number of cases, min^ 



mm. 



b 



b 
d 



a,- 

c 



ftr 



implies | a^ I > I <^j I for all j ^ r and 



. Hence minj|6 — ajd\ = \b — ard\, up to a finite number of 



(a, 6, c, d). 

Now we suppose \cd\ > A, in which case 



a b 
c d 



< A. Either 



— ar 



in this case, 
in this case, 



d 



ttr 



a — UjC 



< 2A, so minj|6 — ajd\ = \b — ard\. Either 



— Ur 



< A and, 
> A and, 



^ \c\ and \b — ajd\ ^ \d\ for all j = 1, . . . , m, so the subsum 



of Sr over these (a, 6, c, d) is bounded by the sum 

1 °° 1 

V ^ max(|c|,|rf|)'=y V^^y' 
>i,d>i ^' I'll; 



C>1 



m=l 



which converges because k > 2. 

Therefore from now on we will suppose minj|6 — ajd\ = \b — ard\ for all terms 
(a, b, c, d) occurring in 5*^. 
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Moreover, for all j j^ r, \^ — aj\ > \ because of the definition of A, so \a — ajc\ ^ 
|c|; in a similar way \b — ajd\ ^ \d\. Hence 

V ^-^ max(|c|, |(i|)'^~'^'-niax(|6 — a^c^l, |a — ttr-cl)'^''/ V -^ m^/ 

In the right hand side of the inequality, the second sum converges because k > 4; 
we denote by S'^. the first sum. 

If max(|6 — ard\, \a — arc\) > 1, then 



^-^ maxflcl, Irfl)'^"'^''' 

C>1, d>\ ^' " ' '^ 

and this sum converges if and only ii kr < k — 2. 

Let us suppose max(|6 — 0;^^!, |a — ctrcl) < 1. If c is given, then \a\, \b\ and \d\ are 
bounded by \c\. Indeed, if |a — arc\ < 1, then |a ± 2 — arc\ > 1, so for every c, there 
are only three possible values for a. For a fixed pair (a, c), if (6, d) is a solution of the 

equation aY — cX = 1 satisfying \b — ard\ < 1, then the other solutions satisfying to 

2 
the same inequality are of the form {b + K,d + K) with K E Z and |i^| < - 



I ) 

Ctrl 



SO there is only a finite number of them. 

If max(|6 — ard\, \a — arc\) > , then 

2max(|c|, |a|) 



Sr«T.7I^: 



C>1 

and this sum converges if and only if k^ < ^^■ 

If max(|6 — ard\, \a — arc\) < , then — and — are some convergents 

2max(|c|, |a|) c d 

for the standard positive expansion as a continued fraction of ar that we suppose 
different from a^, in case that a^ is rational. We denote by — and "' (j > 1) 

Qn Hn+j 

these convergents; we have 

n>0 ^«+i 1^^ Q.n^r\ 

-j^ZkT {\Pn-qnar\>- ) 

n>l ^n+i-1 yn+i+1 

^ Z^ k-2kr '■^n+j = O.n+jqn+j-1 + (ln+j-2) 

„>1 Qn+j-1 

„>i f 1 Y^ j 
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and the last sum converges if /cr- < |. 



n 
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